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Supersymmetric quantum Hall liquids are constructed on a noncommutative superplane. We
explore a supersymmetric formalism of the Landau problem. In the lowest Landau level, there
appear spin-less bosonic states and spin-1/2 down fermionic states, which exhibit a super-chiral
property. It is shown the Laughlin wavefunction and topological excitations have their superpartners.
Similarities between supersymmetric quantum Hall systems and bilayer quantum Hall systems are
discussed.
I. INTRODUCTION
Over the past few years, accompanied with the de-
velopments of the noncommutative (NC) geometry and
string theory, quantum Hall (QH) systems have attracted
increasing attentions from particle physicists. (See [1, 2]
for instance.) It is well known that the underlying math-
ematical structure of QH system is NC geometry, and
QH systems manifest its exotic properties [3–6]. Based
on the second Hopf map, a four dimensional generaliza-
tion of QH liquid was constructed in Ref. [7]. The system
has higher dimensional analogues of the exotic structures
of the two dimensional QH system, such as NC geome-
try, fractionally charged excitations, massless edge states,
etc. Since then, many efforts are devoted to the under-
standing of the four dimensional QH liquid [8–16] and
the construction of even higher dimensional QH systems
[17–21]. The studies of higher dimensional QH systems
have brought many fruitful developments in both parti-
cle physics and condensed matter physics. Particularly,
spherical boundstates of D-branes in string theory were
well investigated based on the set-up of the fuzzy spheres
in higher dimensional QH systems [22] . Three dimen-
sional reduction of four dimensional QH effect gave a hint
to the discovery of the spin-Hall effect [23], which has be-
come one of the most rapidly growing topics in condensed
matter physics.
Recently, it was discovered that the non-
anticommutative (NAC) field theory is naturally
realized on D-branes in Ramond-Ramond field or
graviphoton background [24–27]. Also, it has been
shown that, in the supermatrix model, fluctuations
on a fuzzy supersphere yield supersymmetric NC field
theories [27]. Besides, some interesting relations between
NAC geometry, Landau problem and QH systems are
reported [28–31]. Especially, on a fuzzy supersphere, a
supersymmetric extension of QH liquid was explicitly
constructed in Ref.[32]. While mathematical properties
of NAC theories have been well investigated [33–35],
their emergent physical consequences have not been
satisfactorily understood yet. The supersymmetric QH
system provides a rare “physical” set-up whose under-
lying mathematics is given by NAC geometry. Since
two dimensional and higher dimensional QH systems
manifest peculiar properties of NC geometry, it would be
reasonable to expect that explorations of supersymmet-
ric QH liquids may reveal yet unknown physical aspects
of the NAC geometry. In this paper, by taking a planar
limit of the fuzzy supersphere, we construct QH liquids
on a NC superplane, and investigate physical properties
in a NAC world.
This paper is organized as follows. In Section II, we
review a systematic construction of NC superplane from
the fuzzy supersphere. It is shown that the NC super-
plane is realized by introducing the super gauge fields. In
Section III, we develop Lagrangian and Hamiltonian for-
malisms for one-particle system on the NC superplane.
The system possesses (complex) N = 2 supersymme-
try, one of which is dynamical and the other is non-
dynamical. Another approach for one-particle system on
a NC plane with supersymmetry is found in Ref.[36, 37],
where a higher derivative term is introduced to be invari-
ant under the Galilean boosts transformation. In Sec-
tion IV, we analyze a supersymmetric Landau problem.
In each of the higher Landau levels (LLs), there exists
N = 2 supersymmetry, while in the lowest Landau level
(LLL), only the N = 1 non-dynamical supersymmetry
remains valid. We explicitly construct radially symmetric
orbit states, which form a “complete” basis in the LLL.
These states are super-holomorphic except for their ex-
ponential term, and show a super-chiral property where
not only the orbital rotation but also the spin polariza-
tion is chiral. In Section V, a Laughlin wavefunction and
its superpartner on the NC superplane are derived. In
Section VI, we present bosonic and fermionic topologi-
cal excitations, and investigate their basic properties. In
Section VII, we discuss a possible mapping from super-
symmetric QH systems to bilayer QH systems. Section
VIII is devoted for summary and discussions.
II. NONCOMMUTATIVE SUPERPLANE
Based on Ref.[28], we review an algebra on a NC
superplane from the OSp(1|2) algebra. The OSp(1|2)
algebra consists of five generators La(a = 1, 2, 3) and
2Lα(α = 1, 2),
[La, Lb] = iǫabcLc, (2.1a)
[La, Lα] =
1
2
(σa)βαLβ, (2.1b)
{Lα, Lβ} = 1
2
(Cσa)αβLa, (2.1c)
where {σa} are Pauli matrices and C denotes a charge
conjugation matrix C = iσ2. With a given noncom-
mutative scale α, the coordinates on the fuzzy super-
sphere S
2|2
F is identified with the OSp(1|2) generators by
Xa = αLa and Θα = αLα [31].
We apply a symmetric scaling to the OSp(1|2) gener-
ators as
(Li, Lα)→ (Ti, Tα) = ǫ(Li, Lα), (2.2a)
L3 → L⊥, (2.2b)
where i = 1, 2. By taking the limit ǫ → 0, the OSp(1|2)
algebra reduces to the translation and rotation algebras
on the superplane
[Ti, Tj] = 0, [Ti, L⊥] = −iǫijTj, (2.3a)
[Ti, Tα] = 0, (2.3b)
{Tα, Tβ} = 0, [Tα, L⊥] = ±1
2
Tα, (2.3c)
where, in Eq.(2.3c), + corresponds to α = θ1, and −
corresponds to α = θ2. Eq.(2.3a) represents the alge-
bra of the two dimensional Euclidean group. Similarly,
Eq.(2.3c) may be regarded as the algebra of the symme-
try group on the two dimensional fermionic plane. The
differential representation for the algebras (2.3) is given
by
Ti = −i∂i, Tα = −i∂α, (2.4a)
L⊥ = (σ2)ijxi∂j +
1
2
(σ3)αβθα∂β. (2.4b)
Around the north pole on the fuzzy supersphere, X3 ∼
αj (where j is a superspin index which specifies irre-
ducible representations of the OSp(1|2) group), the NC
algebras on the fuzzy supersphere reduce to those on the
NC superplane R
2|2
NC ,
[Xˆ1, Xˆ2] = −i, (2.5a)
[Xˆi, Θˆα] = 0, (2.5b)
{Θˆ1, Θˆ2} = 1, (2.5c)
where we have defined the dimensionless coordinates as
Xˆi =
1
α
√
j
Xi, Θˆα =
√
2
α
√
j
Θα. (More general contractions,
including asymmetric scaling, are found in Ref.[28].)
The bosonic coordinates and the fermionic coordinates
are completely decoupled unlike the fuzzy supersphere
case. The algebra (2.5a) is equivalent to that on the NC
bosonic plane. The original QH systems on NC bosonic
plane have already been well investigated as found in
Ref.[38]. In the following, we include the known results
on the bosonic NC plane for complete description.
A physical set-up for the NC superplane is realized by
introducing super gauge fields. We consider a constant
magnetic strength made by a bosonic gauge field and a
fermionic gauge field as
B = −i(σ2)ij∂iAj = −ǫij∂iAj , (2.6a)
B = −i(σ3)αβ∂α(CβγAγ) = −i(σ1)αβ∂αAβ . (2.6b)
It is apparent that there exists a U(1) gauge degree of
freedom, Ai → Ai + ∂iξ and Aα → Aα + ∂αξ. The
covariant momenta are given by
Pi = −i(∂i + iAi), (2.7a)
Pα = i(∂α + iAα). (2.7b)
With these covariant momenta, the center-of-mass coor-
dinates are defined as
Xi = xi + iℓ
2
B(σ2)ijPj , (2.8a)
Θα = θα − iℓ2B(σ1)αβPβ , (2.8b)
where ℓB ≡ 1/
√
B is the magnetic length.
The center-of-mass coordinates and the covariant mo-
menta are completely decoupled, and satisfy the super
Heisenberg-Weyl algebra individually,
[Pi, Pj ] = − 1
ℓ2B
(σ2)ij , (2.9a)
[Pi, Pα] = 0, (2.9b)
{Pα, Pβ} = 1
ℓ2B
(σ1)αβ , (2.9c)
and
[Xi, Xj] = ℓ
2
B(σ2)ij , (2.10a)
[Xi,Θα] = 0, (2.10b)
{Θα,Θβ} = ℓ2B(σ1)αβ . (2.10c)
The set of algebras (2.10) is consistent with Eq.(2.5). In
the LLL limit (B →∞), it is easily seen from Eq.(2.8) the
particle position (xi, θα) reduces to the center-of-mass
coordinate operator (Xi,Θα), and the superplane under
the strong super magnetic field is identified with the NC
superplane.
The angular momentum (2.4b) can be rewritten in
terms of the covariant momenta and the center-of-mass
coordinates as
L⊥ =
1
2ℓ2B
(X2i +
1
2
CαβΘαΘβ)− 1
2
ℓ2B(P
2
i +
1
2
CαβPαPβ).
(2.11)
The center-of-mass coordinates (Xi,Θα) and the covari-
ant momenta (Pi, Pα) form a closed algebra with L⊥,
3individually,
[L⊥, Xi] = −(σ2)ijXj , [L⊥,Θα] = 1
2
(σ3)αβΘβ,
(2.12a)
[L⊥, Pi] = (σ2)ijPj , [L⊥, Pα] = −1
2
(σ3)αβPβ .
(2.12b)
Due to the existence of two sets of the super
Heisenberg-Weyl algebras, two sets of supersymmetric
harmonic oscillators are naturally defined. The bosonic
creation and annihilation operators are given by
a ≡ ℓB√
2
(Px + iPy), a
† ≡ ℓB√
2
(Px − iPy), (2.13a)
b ≡ 1√
2ℓB
(X − iY ), b† ≡ 1√
2ℓB
(X + iY ), (2.13b)
which satisfy [a, a†] = [b, b†] = 1. Other commutators
become zeros. Similarly, the fermionic creation and an-
nihilation operators are given by
α ≡ ℓBPθ2 , α† ≡ ℓBPθ1 , (2.14a)
β ≡ 1
ℓB
Θ2, β
† ≡ 1
ℓB
Θ1, (2.14b)
which satisfy {α, α†} = {β, β†} = 1. Other anticommu-
tators are zeros. With use of supersymmetric harmonic
oscillators, the angular momentum can be written as
L⊥ = (b†b+
1
2
β†β) − (a†a+ 1
2
α†α). (2.15)
Thus, the b-quantum acquires the angular momentum by
1, while the β-quantum acquires the angular momentum
by 1/2.
It is convenient to fix the gauge freedom as the sym-
metric gauge,
Ai = i(σ2)ijxj
B
2
, Aα = i(σ1)αβθβ
B
2
. (2.16)
These expressions are obtained by expanding the super-
monopole gauge fields [31] around the north pole on the
supersphere. The field strengths become
Fij = ∂iAj − ∂jAi = −iB(σ2)ij , (2.17a)
Fiα = ∂iAα − ∂αAi = 0, (2.17b)
Fαβ = ∂αAβ + ∂βAα = iB(σ1)αβ . (2.17c)
In the symmetric gauge, the creation and annihilation
operators (2.13) (2.14) read as
a = − i√
2
(z + ∂∗), a† =
i√
2
(z∗ − ∂), (2.18a)
b =
1√
2
(z∗ + ∂), b† =
1√
2
(z − ∂∗), (2.18b)
and
α = − i√
2
(θ − ∂∗θ ), α† = −
i√
2
(θ∗ − ∂θ), (2.19a)
β =
1√
2
(θ∗ + ∂θ), β† =
1√
2
(θ + ∂∗θ ), (2.19b)
where we have used dimensionless complex coordinates
and derivatives,
z =
1
2ℓB
(x+ iy), z∗ =
1
2ℓB
(x− iy), (2.20a)
∂ = ℓB(∂x − i∂y), ∂∗ = ℓB(∂x + i∂y), (2.20b)
and
θ =
1√
2ℓB
θ1, θ
∗ =
1√
2ℓB
θ2, (2.21a)
∂θ =
√
2ℓB∂θ1 , ∂
∗
θ =
√
2ℓB∂θ2 . (2.21b)
III. ONE-PARTICLE HAMILTONIAN AND
SUPERSYMMETRY
We develop a Lagrangian formalism for one-particle in
the presence of super gauge fields. The Lagrangian may
be given by
L =
M
2
(x˙2i + Cαβ θ˙αθ˙β)− (Aix˙i + Aαθ˙α). (3.1)
In the LLL limit, the kinetic term is quenched, and the
Lagrangian (3.1) reduces to
Leff = −Aix˙i −Aαθ˙α. (3.2)
The canonical momenta are derived as
pi =
∂
∂x˙i
Leff = −Ai = −i(σ2)ijxjB
2
, (3.3a)
pα =
∂
∂θ˙α
Leff = Aα = i(σ1)αβθβ
B
2
, (3.3b)
where the symmetric gauge was used in the last equa-
tions. By imposing the commutation relations to canon-
ical variables
[xi, pj ] = iδij , (3.4a)
{θα, pβ} = iδαβ , (3.4b)
we obtain the NC relations
[xi, xj ] = ℓ
2
B(σ2)ij , (3.5a)
{θα, θβ} = ℓ2B(σ1)αβ . (3.5b)
These relations are what we have already obtained in
Eq.(2.10). Then, it would be reasonable to adopt
Eq.(3.1) as the Lagrangian for the present system.
The equations of motions are derived as
Mx¨i = ǫijBx˙j , (3.6a)
Mθ¨α = −i(σ3)αβBθ˙β , (3.6b)
4which represent cyclotron motions for bosonic and
fermionic degrees of freedom. As we shall discuss in the
next section, the fermionic variables {θα} are related to
the spin degrees of freedom. With the definition of the
spin Sa = −iM2 θα(σaC)αβ θ˙β, Eq.(3.6b) implies the spin
precession motion,
S˙i = −ǫijSjB. (3.7)
The Lagrangian (3.1) apparently possesses translational
symmetries on both the bosonic plane and the fermionic
plane. The Noether charges accompanied by the trans-
lational symmetries are obtained as
Pi =Mx˙−Bǫijxj , (3.8a)
Pα =MCαβ θ˙β + iB(σ1)αβθβ , (3.8b)
which are total momenta. The first terms on the right-
hand sides in Eq.(3.8) represent the particle momenta,
and the second terms represent the field momenta. The
total momenta are related to the center-of-mass coordi-
nates as
Pi = −BǫijXj , Pα = B(σ1)αβΘβ. (3.9)
Hence, the center-of-mass coordinates are conserved
quantities and essentially act as translational generators
on the NC superplane.
Next, we develop a Hamiltonian formalism. The
canonical momenta are given by
pi =
∂
∂x˙i
L =Mx˙i −Ai, (3.10a)
pα =
∂
∂θ˙α
L =MCαβ θ˙β +Aα, (3.10b)
and Hamiltonian is constructed as
H = x˙ipi + θ˙αpα − L = 1
2M
(P 2i + CαβPαPβ), (3.11)
where we have used the covariant momenta (2.7).
With use of creation and annihilation operators, two
sets of supercharges are naturally defined as
Q ≡ a†α, Q† ≡ α†a, (3.12a)
Q˜ ≡ b†β, Q˜† ≡ β†b, (3.12b)
and the Hamiltonian (3.11) is expressed as
H = ω(a†a+ α†α) = ω{Q,Q†}. (3.13)
Thus, the supercharges (Q,Q†) generate a dynamical su-
persymmetry. This Hamiltonian commutes with four su-
percharges, and the system possesses (complex) N = 2
supersymmetry. Some comments are added here. The
Hamiltonian (3.13) is identical to the one used in the one-
dimensional supersymmetric harmonic oscillator system
[39]. However, the one-dimensional harmonic oscillator
system possesses N = 1 supersymmetry only, while the
present system possesses N = 2 supersymmetry. (See
also Sect.VII.) The anticommutator of (Q˜, Q˜†) gives the
radius on the NC superplane as
2ℓ2B{Q˜, Q˜†} = 2ℓ2B(b†b+ β†β)
= X2i + CαβΘαΘβ ≡ R2. (3.14)
This expression implies that the eigenvalue of the radius
operator R2 takes a semi-positive value, and the super-
symmetry generated by (Q˜, Q˜†) is a non−dynamical one.
Since R2 commutes with the four supercharges, N = 2
supermultiplet has not only an identical energy but also
an identical eigenvalue of the radius operator.
The Hamiltonian and the radius operator commute
with the angular momentum. Then, the four components
of the N = 2 supermultiplet can be taken as simultane-
ous eigenstates of the angular momentum. The angular
momentum and the supercharges satisfy the commuta-
tion relations
[L⊥, Q] = −1
2
Q, [L⊥, Q†] =
1
2
Q†, (3.15a)
[L⊥, Q˜] =
1
2
Q˜, [L⊥, Q˜†] = −1
2
Q˜†. (3.15b)
Thus, the supersymmetric transformations change the
eigenvalue of the angular momentum by 1/2.
IV. SUPERSYMMETRIC LANDAU PROBLEM
The energy spectrum of the Hamiltonian (3.13) reads
as
En = ωn, (4.1)
where n = 0, 1, 2, · · · indicates the LL in the supersym-
metric Landau problem. [See Appendix C for detail anal-
ysis of the eigenvalue problem of the Hamiltonian (3.13)
and the explicit expression for the eigenstates in the sym-
metric gauge.] The zero-point energy is canceled due to
the existence of the supersymmetry. The higher LLs are
doubly degenerate compared to the LLL. The eigenvalue
of the radius operator (3.14) is given by
Rm =
√
2mℓB, (4.2)
where m = 0, 1, 2, · · · indicates the radially symmetric
orbits. The four components for the N = 2 supermul-
tiplet with energy (4.1) and radius (4.2) are constructed
as
1√
n!m!
(a†)n(b†)m|0 >, (4.3a)
1√
n!(m− 1)! (a
†)nβ†(b†)m−1|0 >, (4.3b)
1√
(n− 1)!m!α
†(a†)n−1(b†)m|0 >, (4.3c)
1√
(n− 1)!(m− 1)!α
†(a†)n−1β†(b†)m−1|0 > . (4.3d)
5At the same time, they are eigenstates of the angu-
lar momenta L⊥ with different eigenvalues, l = m − n,
m − n − 12 , m − n + 12 and m − n, respectively. Here,
we give a physical interpretation of these states. Because
they have the identical energy and the radius, they may
represent four particle states, which are on the same ra-
dially symmetric orbit, and rotate around the origin with
the same frequency. Hence, they should carry the same
orbital angular momentum, while their eigenvalues of the
angular momentum L⊥ are different. This discrepancy
is solved by noticing that L⊥ represents the total an-
gular momentum, and each of the four particle states
carries the intrinsic spin as well as the orbital angular
momentum. Namely, the components of the N = 2
supermultiplet (4.3) are interpreted as the four parti-
cle states which have the identical orbital angular mo-
mentum m−n, and, simultaneously, have different spins
0, −1/2, 1/2 and 0, respectively. Thus, two of them
(4.3a),(4.3d) are interpreted as spin-less bosons, and the
other two (4.3b),(4.3c) are interpreted as spin-1/2 down
and up fermions. As suggested by Eq.(3.15), the N = 2
supersymmetry changes their spins by 1/2, and trans-
forms the bosons to the fermions and vice versa [Fig.1].
It is noted that, in general, supersymmetric quantum me-
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FIG. 1: The left sector about the vertical dashed axis is a
“bosonic sector” for the dynamical supersymmetry, and the
right sector is a “fermionic sector”. The curved solid arrows
represent the non-dynamical supersymmetric transformation
generated by (Q˜, Q˜†), while the curved dashed arrows repre-
sent the dynamical supersymmetry transformation generated
by (Q,Q†). In each of the higher LLs, there are spin-less,
spin-1/2 up and spin-1/2 down particles due to the existence
of the N = 2 supersymmetry, while, in the LLL, the system
possesses only N = 1 non-dynamical supersymmetry, and
there appear only spin-less and spin-1/2 down particles.
chanical models do not deal with a real boson-fermion
symmetry [40], while supersymmetric quantum Hall sys-
tems deal with a real boson-fermion symmetry.
Each Hilbert space of the higher LL possesses the N =
2 supersymmetry, because n-th (n ≥ 1) LL is spanned
by N = 2 supermultiplets (4.3) with fixed n, while, in
the LLL, only the non-dynamical supersymmetry N = 1
remains valid, because the LLL is the “vacuum” for the
N = 1 dynamical supersymmetry. In fact, in the LLL,
the Hilbert space is spanned only by the N = 1 non-
dynamical superpartners
|m+ 1/2 >= 1√
m!
β†(b†)m|0 >, (4.4a)
|m+ 1 >= 1√
(m+ 1)!
(b†)m+1|0 >, (4.4b)
(and the vacuum |0 >). In the symmetric gauge, with
expression of the vacuum ψ0 =
√
1
π e
−|z|2−θθ∗ , they are
represented as
ψm+1/2 =
√
2m+1
πm!
zmθe−|z|
2−θθ∗, (4.5a)
ψm+1 =
√
2m+1
π(m+ 1)!
zm+1e−|z|
2−θθ∗. (4.5b)
The “complete relation” in the LLL is obtained as∑
m∈0,N/2
ψm(z, z
∗, θ, θ∗)ψ∗m(z
′, z′∗, θ′, θ′∗)
=
1
π
e−(|z|
2+θθ∗)−(|z′|2+θ′θ′∗)−2(z′∗z+θ′∗θ). (4.6)
These states are holomorphic about z and θ, i.e. super-
holomorphic except for their exponential term. They
have angular momenta m+ 1/2 and m + 1 respectively,
and are localized on the same radially symmetric orbit
with radius Rm+1. This reminds the situation where two
particles, one of which has spin-0 and the other has spin-
1/2 down, rotate on a plane with the same radius [Fig.2].
There appear no spin-1/2 up fermions in the LLL, and
the system shows the super-chirality, where not only the
orbital rotations but also the spin rotations are chiral.
In the higher LLs, there are both spin-1/2 up and down
fermions, and the system is non-chiral. (See Fig.1.)
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FIG. 2: There are spin-less bosons and spin-1/2 down
fermions in the LLL. They are on the radially symmetric or-
bits, and rotate around the origin with the same frequency.
V. LAUGHLIN WAVEFUNCTION AND ITS
SUPERPARTNER
We construct a Laughlin wavefunction in the super-
symmetric framework, by demanding following condi-
6tions as in the original case [41]. The Laughlin wavefunc-
tion (i) is an eigenstate of L⊥, (ii) possesses the transla-
tional symmetries on the superplane up to its exponential
factor. We also postulate that the Laughlin wavefunction
on the NC superplane is composed of a product of the
bosonic part and the fermionic part. It may be natural
to use the original Laughlin wavefunction as the bosonic
part. With respect to the fermionic part, the Vander-
monde determinant vanishes due to the nilpotency of the
Grassmann number,
∏N
i<j(θi − θj) = 0 for N ≥ 3, and
(θi − θj)m = 0 for m ≥ 2. Then, Laughlin wavefunction
on the NC superplane is simply given by
ΨLlin =
N∏
p<q
(zp − zq)me−
∑
p
(|zp|2+(θθ∗)p), (5.1)
where N denotes the number of particles. Apparently,
ΨLlin lives in the LLL, and is an eigenstate of L⊥ with
eigenvaluemN(N−1)/2. Thus, N particles described by
ΨLlin are spin-less particles, which rotate on the radially
symmetric orbits in order from the origin. Intriguingly,
ΨLlin has its superpartner ΨsLlin unlike the Laughlin-
Haldane wavefunction on the supersphere [32]. This
stems from the decoupling between Xi and Θα (2.10b) on
the NC superplane. The superpartner ΨsLin is related to
ΨLlin by the non-dynamical supersymmetry, and is ex-
plicitly given by
ΨsLlin =
∑
p<q
(
θp − θq
zp − zq ) ·ΨLlin, (5.2)
which has the angular momentum (mN(N−1)−1)/2. It
is noted that ΨsLlin is not simply expressed as a product
of a bosonic part and a fermionic part. The N -particle
state described by ΨsLlin is a super-position of all possi-
ble states where the (N − 1) spin-less particles and one
spin-1/2 down particle rotate on the radially symmetric
orbits in order from the origin. With the definition of
the filling factor ν ≡ N
A/(2πℓ2
B
)
(where A denotes the area
on the superplane), ΨLlin and ΨsLlin may become two
degenerate ground states of the supersymmetric QH sys-
tems at ν = 1/m, because they should have an identical
energy due to the supersymmetry.
The density of ΨLlin is
ΨLlin
∗ΨLlin = e−
2
m
W , (5.3)
where W is interpreted as the supersymmetric extension
of the plasma potential,
W = −m
2
2
∑
p<q
ln |(x + iy)p − (x+ iy)q|2
− mB
4
∑
p
(|x + iy|2 + 2θ1θ2)p. (5.4)
The first term represents the interaction between par-
ticles with negative charge m on the superplane. The
second term is interpreted as a background made by
unit positive charged particles which are uniformly dis-
tributed on the superplane with density ρΦ = 1/2πℓ
2
B.
This plasma analogy suggests that the state described by
ΨLlin becomes energetically favorable at ν = 1/m, and
fundamental excitations carry a fractional charge 1/m as
in the original case [41].
VI. HALL CURRENTS AND EXCITED STATES
The Hall currents on the superplane are expressed as
Ii =
d
dt
Xi = −i[Xi, V ] = ǫijℓ2BEj , (6.1a)
Iα =
d
dt
Θα = −i[Θα, V ] = iℓ2B(σ3)αβEβ , (6.1b)
where {Ei} and {Eα} are bosonic and fermionic electric
fields defined by Ei ≡ −∂iV and Eα ≡ −Cαβ∂βV . The
Hall currents are orthogonal to the electric fields individ-
ually,
EiIi = CαβEαIβ = 0. (6.2)
As suggested by the existence of the bosonic and
fermionic Hall currents, there are two kinds of quasi-
holes, one of which is bosonic and the other is fermionic.
They are superpartners, and are constructed by operat-
ing the creation operators
A†B =
∏
p
zp, A
†
F =
∏
p
θp, (6.3)
on the Laughlin wavefunction ΨLlin. They satisfy the
commutation relations with the radius operator as
[R2, A†B] = [R
2, A†F ] = 2Nℓ
2
B. (6.4)
These relations imply that both A†B and A
†
F push each
of the particles on the Laughlin state outwards by δR =√
2ℓB, to generate a quasi-hole (or a new magnetic cell
of the area 2πℓ2B) at the origin. Hence, the bosonic and
the fermionic quasi-holes carry the identical fractional
charge 1/m. This may be regarded as a consequence of
supersymmetry, because superpartners should have same
quantum numbers, such as mass, charge, except for spin.
The commutation relations with the angular momentum
are different
[L⊥, A
†
B] = N, [L⊥, A
†
F ] =
N
2
, (6.5)
which implies that, A†B does not change the spin of each
particle, while A†F changes the spin from 0 to −1/2
[Fig.3].
Similarly, bosonic and fermionic quasi-particle wave-
functions would be constructed by operating the annihi-
lation operators
AB =
∏
p
∂
∂z p
, AF =
∏
p
∂
∂θ p
, (6.6)
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FIG. 3: In the left figure, the black blobs represent the spin-
less particles described by the Laughlin state for ν = 1. Due
to the flux penetration, the spin-less particles are pushed out-
wards by δR =
√
2ℓB , and a quasi-hole is generated at the ori-
gin. The penetration of the bosonic flux keeps the particles
spin-less, while the penetration of the fermionic flux changes
the spin of each particle from 0 to −1/2.
on the Vandermonde determinant of ΨLlin. AB and AF
satisfy the commutation relations with the radius opera-
tor
[R2, AB] = [R
2, AF ] = −2Nℓ2B, (6.7)
and with the angular momentum
[L⊥, AB] = −N, [L⊥, AF ] = −N
2
. (6.8)
Thus, AB attracts each of the particles on the Laughlin
state by δR =
√
2ℓB inwards without changing its spin,
and a bosonic quasi-particle with charge −1/m is gen-
erated at the origin. However, the operation of AF on
the Vandermonde determinant of ΨLlin yields zero, and
fermionic quasi-particle excitations do not appear in the
LLL. It is because, while AF changes the spin of each
particle from 0 to +1/2, such spin-1/2 up particles are
excluded due to the super-chiral property in the LLL.
AB and A
†
B satisfy the bosonic commutation relations,
[AB , A
†
B] = 1, (6.9a)
[AB , AB] = [A
†
B, A
†
B ] = 0, (6.9b)
while AF and A
†
F satisfy “fermionic” commutation rela-
tions
AFA
†
F + (−1)NA†FAF = 1, (6.10a)
{AF , AF } = {A†F , A†F } = 0. (6.10b)
VII. RELATIONS TO BILAYER QH SYSTEMS
It is well known, fermionic harmonic oscillators can be
regarded as the spin-1/2 ladder operators in supersym-
metric quantum mechanics. In fact, the ladder operators
Supersymmetric QH system Bilayer QH system
Bosonic oscillator a Landau levels
Fermionic oscillator α Bilayers or pseudospins
Bosonic oscillator b Radially symmetric orbits
Fermionic oscillator β (Intrinsic) spins
TABLE I: The supersymmetric QH system is mapped to a bi-
layer QH system. The fermionic operators (α, α†) and (β, β†)
are regarded as the ladder operators for pseudospin and intrin-
sic spin. The bosonic operators (a, a†) and (b, b†) are identi-
fied with the ladder operators for LLs and radially symmetric
orbits.
made by Pauli matrices, (σ+, σ−) = 12 (σ1+iσ2, σ1−iσ2),
satisfy the equations
{σ+, σ−} = 1, σ2+ = σ2− = 1, (7.1)
which are equivalent to the properties of the fermionic
harmonic oscillators. Due to this identification, it is pos-
sible to map a supersymmetric harmonic oscillator sys-
tem to a spin system. In the supersymmetric QH system,
there exist two kinds of fermionic harmonic oscillators,
(α, α†) and (β, β†). Therefore, in its corresponding spin
system, two kinds of “spins” are needed. One possible
candidate to meet this requirement is a bilayer QH sys-
tem, where electrons carry not only their intrinsic spins
but also pseudospins which specify double layers. By re-
garding α-“spin” as pseudospin and β-“spin” as intrinsic
spin, there exists a mapping to bilayer QH systems [Table
I]. However, unfortunately, the real boson-fermion sym-
metry in the supersymmetric QH system is lost in this
mapping, since the corresponding N = 1 non-dynamical
supersymmetry in the bilayer QH system act as inter-
change of the spin-1/2 up and down fermions.
When, we assign α-“spin” as
(α, α†)↔ (τ+, τ−) ≡ 1
2
(τ2 + iτ3, τ2 − iτ3), (7.2)
where {τa}(a = 1, 2, 3) represent Pauli matrices for the
pseudospin, the Hamiltonian (3.13) is rewritten as
H = ω(a†a+
1
2
)− ω
2
τ1, (7.3)
which is the non-Coulomb part of the Hamiltonian for bi-
layer QH systems, with tunneling interaction ∆SAS = ω
and without Zeeman interaction ∆Z = 0. The LLL in
supersymmetric QH systems can be regarded as the LLL
of symmetric layer state in bilayer QH systems. The
Hamiltonian (7.3) appears in many different context of
supersymmetric quantum mechanical systems, such as
Pauli Hamiltonian with gyromagnetic factor 2 [42] and
the Jaynes-Cummings model without interaction terms
used in quantum optics [43]. However, it must be noted
that each of such systems possesses N = 1 supersym-
metry, while the present QH system has larger N = 2
8supersymmetry due to the existence of extra N=1 non-
dynamical supersymmetry.
VIII. SUMMARY AND DISCUSSION
Based on the supersymmetric NC algebra, we con-
structed QH liquids on a NC superplane. The supersym-
metric Landau model enjoys (complex) N = 2 supersym-
metry, one of which is dynamical and the other is non-
dynamical. In the LLL, only the N = 1 non-dynamical
supersymmetry remains valid. Unlike ordinary super-
symmetric quantum mechanics, the present supersym-
metry represents a real boson-fermion symmetry. The
NAC fermionic coordinates are related to spin degrees
of freedom, and bring the super-chiral property to the
LLL. Since, on the NC superplane, the bosonic and the
fermionic center-of-mass coordinates are decoupled, the
Laughlin wavefunction and topological excitations have
their superpartners unlike the QH liquid on the fuzzy
supersphere. With use of the identification between the
fermionic harmonic operators and the “spin”-1/2 ladder
operators, supersymmetric QH systems are mapped to
bilayer QH systems. In this mapping, the LLL in su-
persymmetric QH systems is regarded as the LLL in the
symmetric layer state of bilayer QH systems.
While we have clarified bulk properties in the super-
symmetric QH liquid, it is also important to study its
edge excitations and effective field theory for further un-
derstanding of physics of the NAC geometry. We would
like to pursue them in a future publication.
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APPENDIX A: MAGNETIC TRANSLATIONS ON
THE SUPERPLANE
In this section, we summarize Aharonov-Bohm phase
accompanied by magnetic translation on the NC su-
perplane. With use of the center-of-mass coordinates
(Xi,Θα), the supersymmetric magnetic translation op-
erator is constructed as
TK = ei(kiXi+καΘα), (A1)
which satisfies
TK · TT = TK+T e− 12 ℓ2BΣIJKITJ , (A2)
where K ≡ (ki, κα), T ≡ (ti, τα) and Σ ≡
(
σ2 0
0 −σ1
)
.
The algebra for the super-magnetic translation is given
by
[TK , TT ] = −2TK+T · sinh
(
1
2
ΣIJKITJ
)
= 2TK+T · [e− 12 ℓ2B(σ2)ijkitj sinh(1
2
ℓ2B(σ1)αβκατβ)
+ ie−
1
2
ℓ2B(σ1)αβκατβ sin(
1
2
ℓ2Bǫijkitj)]. (A3)
The round-trip acquires a supersymmetric Aharonov-
Bohm phase as
T−KT−TTKTT = e−BS, (A4)
where
S ≡ ℓ4BΣIJKITJ = ℓ4B((σ2)ijkipj − (σ1)αβκατβ), (A5)
which represents the “area” on the superplane.
APPENDIX B: INFINITE SYMMETRIES IN THE
LLL
It is well known, in the LLL, infinite conserved charges
appear and form the W∞ algebra [4, 44]. Similarly, a
supersymmetric extension of the W∞ algebra appears in
the LLL of the supersymmetric QH systems. It is obvious
the following quantities commute with the Hamiltonian
(3.13),
LBm,n = (b
†)m+1bn+1, (B1a)
LFm,n = (b
†)m+1bn+1β, (B1b)
LF
†
m,n = (b
†)n+1bm+1β†, (B1c)
and LB
†
m,n = L
B
n,m, where m,n ≥ −1. In particular,
non-dynamical supercharges are identified as (Q˜, Q˜†) =
(LF0,−1, L
F †
0,−1). L
B
m,n and L
F
k,l satisfy a supersymmetric
extension of the W∞ algebra as
[LBm,n, L
B
k,l]
=
Min(n,k)∑
s=0
(n+ 1)!(k + 1)!
(n− s)!(k − s)!(s+ 1)!L
B
m+k−s,n+l−s
− ((m,n)↔ (k, l)), (B2a)
[LBm,n, L
F
k,l]
=
Min(n,k)∑
s=0
(n+ 1)!(k + 1)!
(n− s)!(k − s)!(s+ 1)!L
F
m+k−s,n+l−s
− ((m,n)↔ (k, l)), (B2b)
{LFm,n, LFk,l} = 0. (B2c)
LBm,n and L
F
k,l
†
satisfy another supersymmetric W∞
algebra similar to Eq.(B2). The commutation relations
9with the angular momentum and the radius operator are
given by
[L⊥, LBm,n] = (m− n)LBm,n, (B3a)
[L⊥, LFm,n] = (m− n−
1
2
)LFm,n, (B3b)
[L⊥, LF
†
m,n] = (−m+ n+
1
2
)LF
†
m,n, (B3c)
and
[R2, LBm,n] = (m− n)LBm,n, (B4a)
[R2, LFm,n] = (m− n− 1)LFm,n, (B4b)
[R2, LF
†
m,n] = (−m+ n+ 1)LF
†
m,n. (B4c)
These relations imply that radially symmetric orbits
(4.4) are related by LBm,n, L
F
m,n and L
F †
m,n as
|m+ 1/2 >= 1√
m!n!
LBm−1,n−1|n+ 1/2 >, (B5a)
|m+ 1 >= 1√
(m+ 1)!(n+ 1)!
LBm,n|n+ 1 >, (B5b)
and
|m+ 1/2 >= 1√
m!(n+ 1)!
LF
†
n,m−1|n+ 1 >, (B6a)
|m+ 1 >= 1√
(m+ 1)!n!
LFm,n−1|n+ 1/2 > . (B6b)
APPENDIX C: RADIALLY SYMMETRIC
ORBITS
Since the Hamiltonian for the supersymmetric Landau
problem (3.13) is given by a sum of the bosonic oscillators
and the fermionic oscillators, the whole supersymmetric
Hilbert space is simply constructed by a direct product
of bosonic and fermionic Hilbert spaces. In this section,
with use of the symmetric gauge, we present explict forms
of the basis in bosonic and fermionic Landau problems.
First, we concisely review the bosonic Landau problem.
The Hamiltonian and the angular momentum are given
by HB = ω(a
†a+ 1/2) and LB = b†b− a†a, respectively.
The state in the bosonic Hilbert space with energy En =
ω(n+ 1/2) and angular momentum l = m− n is
|n, l >=
√
1
n!m!
(a†)n(b†)m|0 > . (C1)
In particular, the Hilbert space in LLL (n = 0) is spanned
by the basis
|m >= 1√
m!
(b†)m|0 > . (C2)
When we adopt the symmetric gauge, the LLL condition,
a|LLL>= 0, is denoted as
(z + ∂∗)φLLL = 0. (C3)
Hence, the wavefunction in LLL is generally expressed as
φLLL = f(z)e
−|z|2, (C4)
where f(z) is an arbitrary holomorphic function and any
wavefunction in LLL can be expanded by the radially
symmetric orbits,
φm =
√
2m+1
πm!
zme−|z|
2
. (C5)
They are the position representation of Eq.(C2) and sat-
isfy the orthonormal condition∫
dzdz∗φ∗m(z, z
∗)φm′(z, z∗) = δmm′ . (C6)
The “complete relation” in LLL is calculated as
∞∑
m=0
φm(z
′, z′∗)φm∗(z, z∗) =
2
π
e−|z|
2−|z′|2−2z′∗z. (C7)
The fermionic Landau problem is similarly analyzed.
The Hamiltonian and the angular momentum are given
byHF = ω(α
†α−1/2) and LF = 1/2(β†β−α†α), respec-
tively. Due to the Pauli exclusion principle, the Hilbert
space for fermionic oscillators consists of only four states.
There are only two energy levels, LLL and 1-st LL, with
energy −ω/2, ω/2, both of which are doubly degenerate.
Two states in the LLL with angular momentum 0, 1/2
are given by
|0, 0 >= |0 >, |0, 1/2 >= β†|0 >, (C8)
where |0 > is defined as α|0 >= β|0 >= 0. Two states in
the 1-st LL with angular momentum −1/2, 0 are given
by
|1,−1/2 >= α†|0 >, |1, 0 >= α†β†|0 > . (C9)
In the symmetric gauge, the LLL condition, α|LLL>= 0,
is rewritten as
(θ − ∂∗θ )ϕLLL = 0. (C10)
Hence, the wavefunction in fermionic LLL is generally
given by
ϕLLL = g(θ)e
−θθ∗ , (C11)
where g(θ) = g0 + g1θ is an arbitrary holomorphic func-
tion. Therefore, any wavefunction in the LLL of the
fermionic oscillators can be expanded by the following
states
ϕ0,0 =
1√
2
e−θθ
∗
=
1√
2
(1 − θθ∗), (C12a)
ϕ0,1/2 = θe
−θθ∗ = θ. (C12b)
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In fact, these are the position representation of |0, 0 >
and |0, 1/2 >. Similarly the position representation of
the 1-st LL states, |1,−1/2 > and |1, 0 >, are
ϕ1,−1/2 = θ
∗eθθ
∗
= θ∗, (C13a)
ϕ1,0 =
1√
2
eθθ
∗
=
1√
2
(1 + θθ∗). (C13b)
They satisfy the orthonormal condition∫
dθdθ∗(−1)(n+1)ϕ∗n,l(θ, θ∗)ϕn′,l′(θ, θ∗) = δn,n′δl,l′ ,
(C14)
where we have included a weight factor and have defined
the Grassmann integral as
∫
dθdθ∗ ≡ ∂θ∗∂θ. The com-
plete relation for these states is obtained as∑
n,l
(−1)n+1ϕn,l(θ, θ∗)ϕ∗n,l(θ′, θ′∗) = δ(θ − θ′)δ(θ∗ − θ′∗),
(C15)
where we have taken into account the weight factor as in
Eq.(C14). The “complete relation” in the fermionic LLL
is calculated as∑
l=0,1/2
ϕ0,l(θ, θ
∗)ϕ0,l∗(θ′, θ′∗) =
1
2
e−θθ
∗−θ′θ′∗−2θ′∗θ.
(C16)
APPENDIX D: VON NEUMANN BASIS ON THE
SUPERPLANE
In this section, we briefly discuss von Neumann basis
formalism on the superplane. The von Neumann basis
is a convenient basis to investigate QH systems, because
it is a quantum mechanical analogue of the classical cy-
clotron orbit and, in a continuum limit, the translational
symmetries are expected to be recovered [45].
First, we introduce the supercoherent state as a simul-
taneous eigenstate of two annihilation operators bˆ and
βˆ,
(bˆ + βˆ)|b, β >= (b+ β)|b, β > . (D1)
(The annihilation operators are denoted with hat to dis-
tinguish their eigenvalues.) Explicitly, the supercoherent
state is given by
|b, β >= |b > ⊗|β >, (D2)
where |b > and |β > are bosonic and fermionic coher-
ent states given by |b >= e− 12 |b|2ebbˆ† |0 > and |β >=
e−
1
2
β∗βeβˆ
†β |0 >. In the symmetric gauge, the superco-
herent state is written as
ψb,β =
√
2
π
e−
1
2
(|b|2+β∗β)e
√
2(bz∗+θβ)e−|z|
2−θθ∗ . (D3)
We define a super von Neumann basis as a subset of the
supercoherent states, whose index takes discrete values
bmn =
√
π(m+ in), (D4)
where m and n take integers. It is easily checked that
the complete relation for the super von Neumann basis
exactly coincides with the “complete relation” in the LLL
(4.6). Thus, the super von Neumann basis spans the
Hilbert space in the LLL.
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